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Abstract 

Quaternion analysis of time dependent Maxwell's equations in presence 
of electric and magnetic charges has been developed in unique, simple 
and consistent manner. It has been shown that this theory is extended 
consistently to time-harmonic Maxwell's equation for dyons. 

Dirac put forward the idea of magnetic monopolepQ while the fresh in- 
terests on the subject of monopoles was enhanced by the work of t" Hooft |2j 
and Polyakov |3] and its extension to the case of dyons by Julia and Zee [4] . 
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Consequently, these particles became intrinsic part of all current grand unified 
theories [U [6] with their enormous potential importance El [TOl HH [12 US] 
in connection with various physical problems. Keeping in view the results of 
Witten [13] that monopoles are necessarily dyons, a self-consistent and covariant 
quantum field theory for dyons each carrying the generalized charges as its real 
and imaginary parts has been constructed [TH [15] and accordingly the quater- 
nionic forms of generalized field equations of dyons are developed [HI El HH1 US] 
in unique, simpler and compact notations. On the other hand Kravchenko [20] 
has analysed the Maxwell's equation in the presence of sources, time-dependent 
electromagnetic fields in homogeneous (isotropic) and chiral medium. In our 
previous papers, we EH E2] have analysed the generalized Maxwell's -Dirac 
equations in homogenous (isotropic) medium, developed their quaternionic for- 
mulation and also obtained the solutions for the classical problem of moving 
dyonsin simple, compact and consistent manner. Keeping in view all these facts 
in mind, in this paper, we have studied the Maxwell's equations in presence of 
electric and magnetic sources (i.e. dyons) and extended the generaliged electro- 
magnetic field equations associated with dyons to the case of time dependent 
harmonic MaxwelPs-Dirac equations of dyons in simple, compact and consistent 
way. It has been emphasized that the theory reduces to the theory of dynamics 
of electric (magnetic) charge in the absence of magnetic (electric) charge on 
dyons. 

Assuming the existence of magnetic monopoles in homogeneous (isotropic) 
medium, we have deduced the generalized Maxwell's-Dirac field equations of 
dyons in the following form [7]; 



V.E 



e 

V . B = \ip r , 



V x E 



dB _ jra 

' dt e 



-► -► 1 dE -> 

VX5 = ^+Mie (1) 

where p e and p m are respectively the electric and magnetic charge densities 
while j e and j m are the corresponding current densities, E is electric field in- 
tensity and B is magnetic field intensity while e and /i are defined respectively 
as relative permitivity and permeability of the medium in electric and magnetic 
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fields. Differential equations ([I]) are the generalized field equations of dyons in 
homogeneous (isotropic) medium and the electric and magnetic fields are cor- 
respondingly called generalized electromagnetic fields of dyons. These electric 
and magnetic fields of dyons are expressed in terms of componets of two elec- 
tromagnetic potentials in following differential form in homogeneous (isotropic) 
medium i.e., 



— > — > dC — > — > 

E = — V</> e — VxD (2) 



B = -V^ ro -i^ + VxC (3) 
tr at 



where {C^} = {</> e ,vC} and {D^} = {v<p m , D} are the four-potentials respec- 
tively associated with electric and magnetic charges of dyons. Let us define the 
complex vector field if) in the following form [7] 



tp = E-ivB. (4) 

Equations I12I3I) and (j4]) then lead to the following relation between generalized 
field and the components of generalized four-potential as, 



^ = - V^-to(V x V) (5) 

where {V^,} is the generalized four-potential of dyons in homogeneous (isotropic) 
medium given by 



V„ = {cf>,V} (6) 

where 

(f> = <j> e - iv<p m (7) 

and 
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V = C-i— . (8) 

v 

Maxwell's field equation (l} in isotropic medium may then be written in terms 
of generalized field ip as 



V-^ = £ (9) 



1 Q ib 

vx? = - tv ^J + -^L) (io) 

ir at 



where pand J are the generalized charge and current source densities of dyons 
in homogeneous medium given by [7], 

p = p e -l 11 

V 

J = j e - ivj m . (12) 
In terms of complex potential the field equation is written as 



U4> = vnp (13) 
DV = fiJ (14) 

We may thus write the following tonsorial form of generalized Maxwell's -Dirac 
equations of dyons in homogeneous (isotropic) medium [7] as 



*W = il ( 15 ) 

K>,» = ft- ( 16 ) 

Defining generalized field tensor of dyons as 

Gfa/ = F^-ivFL. (17) 
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One can directly obtain the following generalized field equation of dyons in 
homogeneous (isotropic) medium i.e. 



Gfiv,!/ — Jfi- (18) 

Using the Fourier transform, any electromagnetic field can be represented as 
an infinite superposition of time-harmonic (monochromatic) fields. These fields 
are normally cosidered as the main object of study in radio electronics, wave 
propagation theory and many other branches of physics and engineering. A 
time harmonic electromagnetic field has the following form |20J, 



E(x,t) = Re{E{x)e- wt ) (19) 

and 



B(x,t) = Re(B(x)e- iut ) (20) 

where the electric field E and magnetic field B depend on the spatial variables 
x = (xi, X2, xs) and all dependence on time is contained in the factor e~ wt . E 
and B are expressed as the complex vectors called the complex amplitudes of 
electromagnetic field and u denotes the frequency of oscillations. Substituting 
the values of E and B into the generalized dyonic equation (TJ in isotropic 
medium, we obtain 



V.E = ^ 

e 

V . B = fip m 

Vxl = -iluB - — 
e 

V xB = ~E+fijt. (21) 

Let us denote a = ujy/ejl = ^, where the square root is chosen that Ima > 0, 
The quantity a is called the wave number. Let us write the D, E and B in 
the following quaternionic form as, 
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D = diet + d 2 e 2 + d 3 e 3 (22) 

E = Eia + E 2 e 2 + E s e 3 (23) 

B = B iei + B 2 e 2 + B 3 e 3 (24) 

where ei,e2and e3are the elements of aquaternion and satisfy the following 
multiplication rule, 
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e,e k 



1 



(25) 



where Sjk and ejki (j, k, 1= 1,2,3 and eo = 1) are respectively the Kronecker 
delta and three-index Levi-Civita symbol. Using equatios (|22I23I24|) , we get 
the following quaternion differential equations i.e. 



D E 



(d\ei + d 2 e 2 + d 3 e 3 )(Eiei + E 2 e 2 + E 3 e 3 ) 



= — ^ h ILO B 



(26) 



and 



— > 

DB = (diet + d 2 e 2 + d 3 e 3 )(E 1 e 1 + E 2 e 2 + E 3 e 3 ) 



= -Wm+ fJ-je-i^E. (27) 
Let us introduce the following pairs of purely vectorial biquaternionic functions, 



-^E 



aB 



(28) 



and 
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IUJ — ► — > 

— E+aB. (29) 

v 



Taking the divergence of third and fourth equation ([2T|) . we get the following 
pairs of continuity equation for electric and magnetic charges i.e., 



V.je 



lLUp e 



(30) 



and 



V .j m - icofiepm = 0. (31) 

Applying the quaternionic operator D given by equation (|22| to the quaternionic 
form of J the generalized current of dyons and using equations l|26|27l )and 
(|3QI3ip . we get 



Dl = — !— [V.Tf*] + apj * +a~J (32) 
eir 

where J *is the complex conjugate of dyonic current density in homogeneous 
(isotropic) medium given by equation (f!2|) . Thus J satisfies the equation which 
is derived by equation 1(32]) as, 



(D-a)J = /Lt[V . J *] + ap, J * . (33) 
Analogous to equation l(33|) . m also satisfies the equation (J33J) as, 

(D - +a)m = -/i[V. J] + apj . (34) 
Thus, the process of diagonalization can be written in the matrix form as 



D - £ = bJ D -" " W £ (35) 
iui D \ B ) \ D + a \ B y J 
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where 



B, 




a 



a 



) 



(36) 



and 



B, 



-l 



( 



) 



(37) 



As such, we have obtained the two decoupled equations for the unknown vec- 
tors J and m , which simplifies the analysis of the generalized Maxwell's-Dirac 
equation of dyons in homogeneous (isotropic) medium. These equations re- 
duce to the theory of electric charge (magnetic) monopole predicted earlier by 
Kravchenko [20] in the absence of magnetic (electric charge) or vice versa. 
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